Abstract. The method of matched asymptotic expansions is used to describe the finite deformation of thin shells of revolution with a small circular hole at the apex. The loading is assumed to be a rotationally symmetric, smoothly varying normal pressure. The mathematical problem is of singular perturbation type characterized by a boundary layer region at the inner edge of the small hole. The analytical results are compared with numerical approximations, and formulas for the stress concentration factors at the hole are presented.
1. Introduction. In the field of linear and nonlinear elasticity of thin structures, many important problems whose solutions are of considerable complexity can be analyzed by boundary layer methods. This involves a small parameter 8, which is usually related to the ratio of the shell thickness h to a shell length L such as the radius of a spherical shell. In the present paper, we discuss nonlinear shell problems where the small parameter e is the ratio of the radius of a small hole at the apex of a shell of revolution to the radius of the outer edge of the shell. Accordingly, we find that the boundary layer structure is quite different from the one encountered in problems where the small parameter is given by 8 = h/L. Suppose a shell of revolution is subjected to a rotationally symmetric, smoothly varying normal pressure, so that the solution, without the hole, would generally be slowly varying throughout the shell, except possibly near the outer edge (depending on the type of edge support). However, with a small hole at the apex, assumed free of radial edge traction and bending moment, the stress will generally change sharply near the hole, while away from the hole one would expect the solution to be close to the solution without a hole. This *Received October 22, 1985.
©1987 Brown University behavior is indeed confirmed by numerical solutions of the nonlinear shell equations, which are increasingly difficult and costly to obtain as e becomes small.
We shall analyze this problem by singular perturbation techniques, which yield asymptotic solutions for small e with little computing effort. In fact, the only nonlinear boundary value problem which must be solved numerically is the corresponding problem without the hole.
In a previous paper [1] , the simpler problem of a flat circular elastic membrane with a small hole at the center was solved by a similar asymptotic analysis. In the case of bending of a thin circular plate of thickness /;, one might expect the behavior of the membrane stresses near a small hole to be similar to that found for the limit case of a membrane (h -> 0). However, it will be seen that this is true only for the leading order term of the radial stress. The solution behavior near the hole is more complicated in plates and shells because of the presence of terms e"' log"e, m and n integers, in the asymptotic expansion, which do not appear in the membrane problem. Apart from the paper just quoted, the possibility of an asymptotic analysis of nonlinear shell problems involving small holes does not seem to have been noted in previous work.
It was observed in [1] that the present problems are different from the layer problems for membranes and shells. The boundary layer here is associated with the singular behavior of the solution at the inner edge when e = 0. There is no reduction of order of the differential equations in the limit case e = 0 in our problem.
2. Formulation of the problem. The asymptotic integration technique to be described applies to axisymmetric finite deformation of general thin shells of revolution with a small circular hole at the apex, provided the corresponding shell without a hole has a horizontal tangent at the apex. The basic equations under the assumption of small strain were formulated by Reissner in [2] , In order to explain the asymptotic integration technique in the simplest setting, and to exhibit the essential structure of the inner and outer solution, it will be sufficient to restrict our analysis to a shallow spherical shell, retaining only quadratic nonlinear terms in the basic equations. The extension to arbitrary shells of revolution and large rotation will then be seen to be quite straightforward, as long as buckling is excluded. This point will be discussed in the last section.
Consider a shallow spherical shell with a hole at the apex, subject to a normal surface load p(r). The central circular hole of radius r: is assumed to be free of traction and moment; that is, both the stress resultant Nr and the bending moment Mr vanish at r = rr At the outer edge r = a various boundary conditions may be prescribed, such as clamped or simply supported edge conditions, or a radial tension and/or a radial moment. The basic equations given in [2] may be reduced to a set of two coupled second-order nonlinear differential equations relating to each other a dimensionless midsurface slope / and a dimensionless radial stress resultant g. They can be written in the form [3] Lf = ~ix2g + fg + 2yR(x,e), h is the shell thickness, E is Young's modulus, v is Poisson's ratio, and H is the height of the shell center (apex) above a horizontal plane through the edge.
The boundary conditions at the hole r = r, are e/'(<0 +(1 + v)f(e) = 0, g(e) = 0, t = rx/a. (2.2)
At a clamped outer edge r = a, we have
For a simply supported edge the boundary conditions are
The condition on / may be replaced by /'(1) + (1 + v)f(\) = mr if a radial moment is prescribed; similarly, one has g(l) = nr if a radial traction is applied at the edge r = a. In the case of uniform load p = const, we have p = 1 and therefore e2 R(x,e)= 1--. The existence of solutions of this boundary value problem has been proved by Wagner [4] for arbitrary y and jit, if p(x) is piecewise continuous in [0,1], On the other hand, no existence or uniqueness results are known to the authors for the boundary value problem (2.1)-(2.3) (or (2.4)) for e > 0, which is considered in this paper. Henceforth we shall refer to this problem as the annular shell problem, briefly problem A. For small e, numerical solutions of problem A show that f(x) and g(x) rise from their values at * = e to significantly larger values within a layer of order e, with steep gradients in the layer, but varying slowly in the remaining part of the x-interval except for possible boundary layers at the outer edge x = 1. The latter will not concern us here. In fact, outside the layer the solutions of problem A for sufficiently small e are close to the solution of the problem without a hole, subject to the same loading and outer edge conditions. The solution behavior near x = e is apparently due to the form of R(x, e). For instance, if R is given by (2.5), R rises from 0 to 1 -e in the interval [e, /e], outside of which R = 0(1). Clearly, numerical solutions of problem A become increasingly difficult and costly for decreasing values of e, because a large number of mesh points are needed in any discrete approximation to / and g in order to cope with the large gradients in the boundary layer. Our asymptotic analysis deals with this situation in a very simple way.
It will be seen that the main features of the boundary layer solution can be derived by studying in some detail the case of a flat annular plate ju = 0, subjected to a uniform load, so that R = 1 -(e/x)2. Furthermore, we shall consider the clamped edge boundary conditions (2.3). The extension to more general cases will be discussed in the last section.
3. An exactly solvable linear problem. In order to find the correct form of the inner and outer expansions and to see the nature of their interrelation, we treat a simple model problem which will show the essential features of the asymptotic solution for problem A. The problem to be considered is y" + ~y' = 2y(l --t),
J>(e) = 0, J>(1) = 1, The inner and outer solutions (3.4) and (3.5) are now matched by the intermediate variable method [5] . We set jc = T)5(e) with § -> 0 and e/8 -> 0 as e -> 0 and express Y(s,e) and y(x,e) in terms of 17. Inspection shows that all terms can be matched by setting C = 0, C0 = 1 -y/4, D = -C0, and Cx = 1 -3y/4, except the term ye2 loge (terms involving log?) and terms of order 0(82) and 0(e2logS) cancel). This term, which comes from can be matched if we modify the inner expansion by including a term (e2 loge)y(j), which yields 7(5) = Ch(s). Setting C +y = 0 will then cancel the term in question. In this way, all terms in (3.4) and (3.5) match, except terms of order e^/S2 and (e4/<52 )log e, which can be shown to match with higher-order terms not displayed in the above formulas.
Inserting Y(s) and the constants C, D, and C;, found by the above matching, into (3.4) and (3.5) and returning to the original variable jc, it is seen that y(x, e) = y(s, e) up to terms of order 0(e4) and that y(x, e) is identical with the exact solution (3.2) up to 0(e4) terms, when c1 and c2 are expanded in powers of e2. Furthermore, we observe that there should be no term of order £2loge in the outer solution, because this would give rise to a term c(l -x"2)e2loge in y(x, e), which would not match with the inner solution, as there is no term of order (e2/S2)loge in Y(s, e). On the other hand, there will be a term of order e4loge in the outer expansion, as can be seen from the term c2/x2 of the exact solution. (1 +sf
where we have set ju = 0 and R = 1 -(e/x)2, the dot denoting d/ds. The boundary conditions (2.2) at the hole transform into
We find that the correct inner asymptotic expansion is of the same form as in the linear model problem of Sec. 3. Therefore, we have for Z := (F, G),
Substitution of (4.3) into (4.1) and (4. Thus we obtain
The constants B0, C0 and Bu Cl are to be found by matching F(s), G(s) with an outer expansion of /, g. Next the solution of the (inhomogeneous) equations for F2, G2 is determined. We find, up to constants of integration B2, C2, 8) where (4.5) has been used for j = 2, and where
We observe a significant difference between F2, G2 and the corresponding terms of order 0(e2) in the solution for the annular membrane problem [1] : there are no logarithmic terms in the latter problem. In fact, it is precisely these terms that force us to include terms of order £2loge in the inner expansion, as explained in the previous section. Similarly, log2(l + s) terms in F5(s) and G5(s) give rise to the terms of orders e4log2e and e4 loge in (4.3). It should be noted that the inner solution does not decay exponentially. However, all algebraically decaying terms can be matched. 5 . The outer solution. Recalling the remarks at the end of Sec. 3 concerning the model problem, we assume an outer solution for z = (/, g), valid away from the boundary layer, in the form
Substitution of (5.1) into (2.1) yields for the first few terms of the series, recalling that we take ju = 0 and R = 1 -(e/x)2,
Lh -fogi ~ g0/3 = fi8u + /0/3 = ~ifi-(5-5)
All functions fk, gk must satisfy the boundary conditions (2.3). Equations (5.2) and (2.3) describe the circular plate problem (without hole), clamped at the edge x = 1, provided the boundary conditions at x = 0 turn out to be (2.6). On physical grounds, we should certainly expect this, as the effect of a small hole on the stress distribution should be a local one. In the limit case of a membrane this has been verified in [1] . Anticipating the same situation for the plate problem, the nonlinear boundary value problem for f0(;t), g0(x) can then be solved numerically. As the solution is slowly varying for x e [0,1], at least for moderately large values of y, there are no numerical difficulties getting a sufficiently accurate solution f0, g0 by any standard computer software such as COLSYS [6] ,
In the remaining part of this section, we construct the solution f^x), g:(x) satisfying (5.3) and (2.3). This solution is singular at x = 0, but the appropriate type of singularity is not difficult to find, as f1 and g! must match with the inner solution in an overlap domain.
A particular solution of (5.3) should be of the form ,4j(x)logx + A2(x), where A^x) are regular at x = 0, and hence can be written as power series in the form L™anx2n. Calculating a few coefficients indicates that a particular solution yp, zp of (5.3) should be sought by the ansatz The constants cv c2 will be determined in the next section. Once they are known, the outer solution can be completed by solving (5.18) for c3 and c4.
6. Matching of inner and outer solutions. As in Sec. 3, we introduce an intermediate variable tj = x/8(e), where ij = 0(1), 5(e) -► 0, and e/S(e) -* 0 as e -» 0. The inner and outer solutions will now be matched in a common domain of validity. As the method was described in Sec. 3, we shall not carry out the procedure here in detail. Replacing x by in the outer solution and Taylor expanding the regular functions /0, g0, y,, z,-, etc. at the origin, we obtain This completes the discussion of the matching relations (6.3) to (6.9). (The reader may wish to write down the inner and outer expansions in detail and convince himself that all terms have been matched up to the order given above.) In order to match terms of order e4, (e4/S2)loge, etc. in the expressions for F2(s) and G2(s). the calculation of higher-order terms in the asymptotic expansions of both /, g and F, G must be continued beyond the point carried out in this paper.
7. Stress concentration factors. Some quantities of particular interest in applications are the stress resultant and bending moment concentration factors at the hole r = rr Let Nr 0 and Mr0 denote the stress resultant and moment, respectively, at the apex r = 0 of the shell, referring to solutions of the problem without a hole under the same load conditions. In the present context of a uniformly loaded clamped annular plate, Nr0(= Neo) and Mr0(= Me 0) simply derive from the solution f0(x), g0(x) and hence are given by g0 (0) and ( 
3)
The leading term of the stress factor SN is the same as that derived for the annular membrane in [1] , Note that the limits of both SN and SM for e -» 0 are independent of v and y. The above formulas supply explicit correction terms for small e. In remarkable contrast to the annular membrane, the dominant 0{e2 loge) part of these correction terms depends only on the solution /0, g0 for the plate problem without a hole. It is only in the 0(e2) terms that the solution /x, gx is needed (as c3, c4 enter into the calculation of B2, C2). In the case of a membrane, a rigorous proof for lim e_0SN(e) = 2 has been obtained in [7] . We have not attempted to extend the method of [7] to the present problem.
The validity of the asymptotic results obtained in this paper is limited to moderately large values of y. From (7.2) and (7.3), this statement can be made more precise. Following [8] we set 8 := y~1/3, I = $f(x), J = 82g(x)\ then Eqs. (5.2) can be written as
The limit case 8 -» 0 is the circular membrane problem, for which 1J + 2 = 0, whence I(x) and J(x) are of order 0(1). This will also be true for sufficiently small 8, where a bending boundary layer is found at x = 1 (see [8] ). We conclude that / = 0(y1/3) and g = 0(y2/3) for large y. In view of (6.3) this means B0 = 0(y1/3), C() = 0(y2/3); thus the factors of the e2loge terms in (7.2) and (7.3) are y/B{) = 0(y2/3) and B(2/C0 = 0(1), respectively. Flence, the second term in (7.3) is a relatively small correction term only if we require y and e to satisfy y2/3£2loge = (e/S)~loge 1, (7.4) while it is sufficient to require e2 loge «: 1 in (7.2). In other words, for fixed y (no matter how large) our results are valid for sufficiently small values of e, where the layer solution G(s) is much more accurate than F(s) (see Table 3 ). Since (7.4) is based on 8 «: 1, it may be overly restrictive. As a numerical solution for f0(x), g0(x), for given y, is a necessary first step in our analysis, the quantity y2/3 in (7.4) may be replaced by the more precise term y//o(0) in (7.3), and in this way it can be checked a priori whether (y//o(0))e2 loge is small enough for the asymptotic results to be sufficiently accurate for both / and g. Table 1 compares the numerical solution f(x) with the leading term asymptotic solutions /"(x), F0(s) and the more accurate asymptotic solutions which include terms of order 0(e2), with e = 0.1. Tables 2, 3 , and 4 compare the exact solutions f(x), g(x) with the 0(e2) asymptotic Table 3 . Same as in Table 2 except that y = 1000, e = 0.1. solutions for y = 102 and y = 103. It is seen that the asymptotic results increase in accuracy as e becomes smaller. The agreement for y = 100, e = 0.01 is impressive. But even for e = 0.1 there is remarkably good agreement between the asymptotic and the numerical solution for y = 100. In the case y = 1000, e = 0.1 the inequality (7.4) is not satisfied as y/|/o(0)| = 45.4, implying that the inner solution F(s) should not be used. This is borne out by the numbers for F(x) in Table 3 , which shows that C(5) as well as the outer solution is still a good approximation. Table 5 shows the stress concentration factors discussed in Sec. 7. Again, the case y = 103, e = 0.1 shows a large discrepancy between numerical and asymptotic solutions, as to be expected from the preceding remarks.
The results are also displayed in Figs. 1-5. We note that the outer solution is very close to the exact solution in most cases where the asymptotic solution applies, even inside part of the boundary layer. For e = 0.1, y = 100, the contribution of the various terms of the inner solution is displayed in Fig. 2 We next discuss briefly the modifications necessary for including spherical shells in the analysis. The terms -/a2g and ju2/ in (2.1) imply the following changes in (4.4): KF2 = F0G0 +(2y -C0n2)h0(s), KG2 = -\fo2 + p.2B0(h0(s) -j-^).
Hence the only change in F2(s) given by (4.7) is that y in the coefficient pY must be replaced by y -iQju2. Similarly, the coefficients p3, p4 in G2(s) given by (4. (6.3)-(6.13) resulting from the matching process. The limits of the stress concentration factors as e -> 0 are the same, but inclusion of the shell curvature will modify the correction terms of order e2logg in (7.2) and (7.3). Therefore, the 0(y2/3) coefficient in (7.4) will also contain jir. But for any fixed y and ja2, the results will be valid for sufficiently small values of e provided a condition like (7.4) holds.
It is clear from [1] that extension of the results to nonuniform loads is straightforward. The extension to finite rotation [2] will result in a different set of equations for the outer solution f0, g0. As to the inner solution, it was shown in [1] that for the annular membrane the finite rotation does not affect the solution up to and including 0(e2) terms. This situation carries over to problem A for finite rotations. Thus the layer solution obtained in Sec. 3 can be matched with an appropriate outer solution that accounts for the nonquadratic nonlinear terms of the basic equations. Similarly, it should be evident by now that an extension to arbitrary nonshallow shells of revolution will not introduce any essential novel features in the aymptotic analysis. On the other hand, the extension to nonsymmetric deformations appears to be nontrivial, as it involves a set of partial differential equations. Consequently, there will in general be a nonsymmetric stress distribution near the hole. Furthermore, we have excluded buckling from the analysis for ju > 0 (symmetric snap buckling or asymmetric bifurcation buckling). This leads to an interesting new problem: given the buckling load for a shell without a hole, can the buckling load for the same structure with a small hole be calculated by a simple asymptotic analysis? We hope to return to this problem in a future paper.
